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LATERAY, STARILITY OF EQONG GLIDE-BOMBS
WITR APPLICATION TO NAVY SWOD MARK 7 AND MAKK 9

1. Isters) Stebility Eoustioss

The motica of a glider iz f1ight is determized by two
fastors, the sercdynemic forses ani momeats due $0 2o re-
. sotion of the air on variocus parts of the glider, and the
forees sndt moments due $o grevity. The resultans of the
gravitational forces may be represeated by a foree equal
u.mumtormuunmmmzmdm
through the center of gravity. The resultant of the asro~
dynamic Tesotion is Sheredy convenisntly represented by
thres mutuslly perpendicular forces asting through She
osater of gravity and three momeats acting about these
three matually perpendicular axes whiok meet at the center
of gravity. In general, & glider hes & plans of symmstry,
which in normal stealy flight includes the direction of
motion. Jor convenisnce, we will choose axes as follows:
The X-axis is takea 1n the plane of symmeiTy in the diree-
tion of the relative wind during the steady flight condi-
tion, the Y-axis perpendiculsr to the plane of symmetry,
and the Z-axis in the plane of symwetry end perpendieular
to the X~axis. Rotation abous the X, Y, and T axes
are dencted by the angles § , 6 , amd Y , yespestively,

- 1.
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end angulsr rates of 208ation abous thess axes by p, 4,
asd r,

™ may odinarily consider the motica of a glider
divided inso two independent Sypes of motiom. One type
inoludss motion Shat does 2ot displace She Plame of symmetry
of tde airplane, called longitudinel moticn, and the stadil-
18y of motios in this plame is termed *longitwiizal stedil-
i1t3". The other type of motiocn inolwdes all components
2t 40 displace She plans of symmstry, called lateral mo-
Sion, end the s8ability of this motion 18 termed "lateral
stabilisy*. The loagitulinal stabdility of homing glide-
bombe is diseussed in detail in refersnce (1), and will
0ot be ecnsidered further here. The preseat disoussion
of lateral stadility refers prinoipally $o gliders ia which
the aileroa is the only latersl control surfasce, although
the diseussion of stadility wish fized control surfaces
applies equally well to gliders eguipped with both rudder
and ailerons.

The stability characteristics of a glider are studied
from the stanipoius of She motion obtained from small dis-
Placemeats fyom & state of equilitrium, Under equilibrium
conditions the glider fliss in & straight line a$ coastant
speed with the plane of symmetry vertical, - wings level,
m‘nmmmtmm-gmghnorm
and passes through the cemter of gravity, Lss us define

S rTrTrT™™NLLL -
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the following quantities:

¥ = angle detween flight path and horisoatal

$ = angle of rol2

¥ = angle of yuw

= angular displacement of ailerons

= woight of glider

= mans of glider

= volooity along X-axis

® velooity in Y-direction (side slip velooity)
= giy density

i
¥

= fovos nlong !-a:u. (1ateral fowes)
= momeat abous X-axis (rolling moment)
® noment about Z-axis (yawing moment)

% 0 W o 049 9N = g

» = §§ - rate or ro12
 J -“-uhotm

A = moment of inertie of glider about X-axis
0 = noment of inertia of glider about Z-axiy
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Ist us ales define the following oceffisisnts:

I
T N
c'.l_/l-%F . ﬂ.;

AS oquilibrium, the quantities L, ¥, Y, », I ¢ ,
y » anl v areall squal to sero.

Ist us now assume & smell 4displecement from equilibrium,
and determine the eguations Whish gowern the motion. In
order to rsduss the camplexity of S1e prodlem to snabls s
solution to be odSainsd withous & prohiditive amcunt of
calonlation, the following assumptions are made:

(1) Torces end moments om 11£%ing surfsces srs assumed
proportional to the square of the airspeed.

{8) Yorees are uasffscted by angular velooitiss and
anguler sooslsrations and momsats by asgular aseslereations.

(3) The glider is assumed symmetrical, amd thus latsrel
motions snd longitudinal motions ere assumed to de indepsnd~
aa8,

(4) Ths eombined effsct of two or mors £Orees -OF MO~
mnents is assumed proportional to the algebraic sum of the
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separate oomponents.
{8) The ohangss in asrodynmmic forces and moments

dus to a deviation are assumed proportional to the deviation.

{8) Seocndary effects involving the product of two

saall quantities are usmm.'
{(7) The principal axes of inertia of the glider are

assumed coincident with the reference axzes.
The latersl equations of motion ars given by:

ndf+avf¥ = X vengainp cosy + ugsiny siny
- N 225 2% -TXY' LP
cg-gu}g,.guga.

1ot us define the following quantities:
Lodf on-iE iR w-i¥
ST IR AT AT AL
n -3

Bemenbering that ¢ and ¥ ere assumed to be mmall
quantities, equations (28), {3), and (4) bLecome:

g--vgot'vo(gcoafw +(geinr)y.

(3)

(3)

(¢)

(s)

(6}

e o )

DECLASSIFIED IN FULL
Authority: E0 13526
Chief, Records & Declass Div, WHS

Date: 0CT 0 9 2012




5-151'#5“9:,“#!.“
~RLARLY 2L N SY 7

ot us asowe that v, ¢ , ¥ , and & vary with time
agseording 40 laws of She formt

e v X (As), ¢ 'Qm (A4),
Vo % oexp (48), dedemp(de)

apd determine what values of A will satisfy the above equa~
ticas. The s8abilivy of the various motions will be deter-
nined by the natwre of the values of A thet satisfy these
equatiocns, If 4 is positive, small displacsemsnts in thess
quanbities will sontinuocusly iierease with time, and the
action will be unstabls. If 4 is negative, small displece-
ments will Asereass with the time, and the motion will de
stadle. If A 1is oomplex, the moSiocas will de oseillatory,
with inereasing or decrsasing emplitude depending wpon
whether the real pars of A iz positive or negative.

If wo subssitute the values of v, ¢ , y , am &

givea by equation (9) into equations (8), (7), and (8], we
obtains

(A=Y)va(gooar)¢p + AT -getar)V¥ =0 (10)

VN Plalnlllalgnl -
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“Lve WAL —dLy-1,d -0 (11)
-l,v-",¢*u'-ll,w-'a‘ -q | " (1)

Hore we have three equations involving four variadles,
nincnntcpnﬂonmxthmuuora
ﬁfhh“o

3. 2tabAlity with Fized Coatrol Surfaces

If wo assume fized control surfeces, we ses ¢ equal to
seTo, and we have three equations in three variables. To
Gsternine what values of A satisfy the above equations, it
is caly necessary to determing what values of 4 meke the fole
lowing determinant vanish.

A-Y, - goosr AVegatiny
-1, A sAy -4y, =0 (»)
-, - AR, YL &

Solving thw above dsterminant, we obtain the following
squation for 4 @
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ARt ey U e - 2, gy, e xy, o mou

¢ (I, + AT, = Ly 6 cve¥ = N, § otal + I - VX U
(1)

0(%000»’-“;»-#-%.&#0%.“1)1 Y
This equation mey be writtea in ths forms
FYLET VLRY FLES YL SV RO T (15)
where
A »1
RILSTL T A
O "L - uh e, (5 ke T, ()
D 'CI‘P’-!’I,)!'-L'.MJP-I'.&!#'(%-!)I') |
3 - (3 - L5 vy s (LN - LX) ear
7 -0
The deternization of the values of { whisk setisty
MM(B)CWQuMmmMuﬁnm
dogres equation. Sines in this sase, ons roos 1s mye, it

reduses $o a fourth degree equation. 7The valuse of She above
quantisies fer a cenventionsl type glidsr are sush that the
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roots of equation (15) ave one pair of somjugate complex
Toots, two negative yoots, and, of courss, one BaTo Toot.
In general, the real parts of all.the roots will be negasive
correspooding to & stable conditiom if all coefficieats are
poaitive ani Rouths' Dissriminant (B0D-DP-3%S) is ponitive.
1ot us DOW investigate whioh are the importans terms in
the eguation iz A and thus show how the nature of the solu-
ticns depends upon the velues of the asroliynamic coeffiocients -
iavolved. In O, the quastity VN is large ocampared to
the other texme presens, and in D, the guassity
MIX - LK) is large compered to ctber Serms. Let us,
thea, for She present, neglect the other quantities involved
in these tyms, a2d 2o O and D Dde given as follows:

c = D-ﬂ%-l,l') {17)
In genercl, ¢ and U will de largs compared to B

and E. leot ur sassume thea that wo may wpproximately rednos
eguation {15) to the following form:

A3+ -ppd coll A+ FI[4 + B4 =0 (28)
Maltipiying, we obtalas
"o(3-«:‘“‘-0[00&'(!-8)0-‘]“ (197
cBof{o-Bo-plt a0
SN T I T talnitnh
DECLASSIFIED 1N FULL

ity: £0 13526
Ac?\tig%ratgcords 8 Daclass Div, WHS

Date: (OCT 0 9 2012




=10=

s, in oxder Shet equatioa (18) may de approximstely
mﬂh'nmﬁanm(ul. the following rela-

2  opfe-poB o»% (a0

Is gensral, the values of the aszoldyasmis sosffisieats
for normal £1ight conditions of airereft type missiles are
" sush that these ¢onditions are satisfied. Inserting the
valuee of B, O, D, and B ia equation (18), assuming
the approximats valnes of C and D gives by equation (17),
we obtains

10 ooy 30 o]l ke BT oy

-§sar][ A-rbofslll-o (82)

With thess approximations, A4 1is given dyt
11-5-%
Ay - - oSl (R Tg) o AL (a8)
Ly oot 0ory s B silm pon o, o

Asno
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Thus, Vv, ¢ , and ¥ oan be represented by eguatiocas
of the form

SRR IS 2
oy o (- aspal (RT3 apr
Y TRERE ) (28)
.u{/u,-Q(n,,z'Jé?w‘} |

* Gy
where Cy» o'. Gy, Cye omd Gy are arditrary constants,
which have wvalues depending upon waish of the quantities
v, ¢ , and ¥ 4is being represeated, and the particular
boundary conditions for thats quantity.

In general, the first term adove represeats a rapid
subsidence, whose rate 15 a funosion mainly of r,. the
roll damping term. This 1s the most imporsass term in roll
sotiom.

T™he ssccnd term 1s & slow subsidence or divergence whoss
rate depends primarily upon the magnitude of I.'ﬂ, compared
to LN, end upon the glide angle /' . This term determines
ths spiral stability eharasteristies of the glider; if the

Detulicbofedalalicliolabnie

e
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oxpoment is negative, the glider is spirally stadle, if
positive, spirslly umstadls. In gemeral, l’.,l' is larger
Shan LN, end spiral stability is obtained although the
stebility is alwuys mmell. Mmrmn-monlimw
equation (28), spiral stability is imsreased greedly st steep

angles of deseent. (sial-» =1). .
The Shird term in equatios (83) represests an osoille-
tion whose period is dstermined largsly by the term ,,
and is givea approximately by T = 87//WH,. is 1s %o de
expected, this period depends mainly oa X, the yuwing
nomezt dus 16 sideslip, and the dmping depenis meinly on
the term mmmmumum. These
are the main Serss in the yaw motion. The comstant O, ocours
because of the faot that in a aca~-lwming missile, the sero
podns for mseasuring angle of yaw is arbitrary; there is »o
preferred direction in mpase.

3. 2eabAli%y of EWOD Jaxk 18 sod Mk 13 Alr Stabilizexs

The following is a tadle of velues of ths lateral oo-
efficients spplicadls S0 She SWID gliders:
Naxk 12 ¥axk 13

¥ (1vs) 900 1500

8 (2e8) 18.3 "

» (£9) 8.4 20

A (1v £3 seoB) a3 -

G (1b £% seo?) = s00
s e s TWER
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The mlwes of W, 8, b, A, and O are weasured
valuss deternined at the National Burean of Stenderds. The

values of ;_2,. _3;?. % 8iven in She tadls were odtained

from a wind tunmel test at the California Inssitute of Teoh~
nology of an early model glider somewhat similar $o the
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o
Authority: ' n
Chief, Rtgcords & Declass Div, WHS

Date:  OCT 0 9 2012




L o == )
==

Nazk 13 glider (refsrenes 3). Howewver, since there are
Some marked 4ifferenses botween this model and the present
Mark 18 and Mark 13 gliders, theas values should be comside
sred &3 only approximate. From Dags 30, Sadle 3, of refer-
ense (3), She following values arve givem:

Beoe

"‘fﬂf’iﬂ"ﬂﬂrsm (8), we obtaia

30

Ty - -0

whsre o. is the orosswind foree soeffioient, whioch for
amall angles of yaw may be considered egqual to o’,. the
lateral foree soefficient. 7The wvalues of the damping terms

a0 40 a0 9
S T W™ W

are estimated by the methods deserided in referemces (3) and
(¢) and abould de sonsidered as only very spproximate.

1ot us sudbebitute the above walues isto the stadility
oquations for a typical coadition of £iight of Mark 13, with
fixed oocntrols in piteh. Assume o‘-.a.-unounm
spproximately to as average position of the elevens of 10° uwp
fras neutral. A% equilitrium this gives & velooity of flight

VIR R
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at sea level of ¥ = 418 f£¢/se0.
Under this aondition of flighs, the following quansities
have the values listed bdelows '

¥ = 418 £% sec”l

¥ = -12,8°

3
el a(o) ) h"m! - 4.0 ses™

0
by ¢ HAmE
v 3a

L?n o =05 £9"! see”!
.’.a_:;b i_’;!ﬂ = <0.08 seo”}

T " :ﬁj i_%ﬂﬂ = -0.¢ ses”!
L%ﬂ.’l = +0,1 £6°% goo”!

YRR,

o o o o
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1ot us aew sudetitute $hese valuss 1ato equatioss (18),
uu;mm«mmaﬂsummm):cd
We thus obtais the following equasion for 4 @

A% o 4.954% s a0 d¥ m;ol"- i.wl =0 (26}
‘1 - 4.. “ - .Om

(ay)
kg, ¢ = =278 £ 0,081 Ag=o

Ay represeass & repid sibsidense Walsk coxrespoais %o
ke high damping 12 roll. |4 18 & slow subsidense determin-
mmoﬂmmmnmm-. J" and .(‘
are a pair of conjugnte conplex roots Whick represent & demped
oseillasion in yaw.

If wo pus the values of the econstants in equation (23)
in the sinplified expressions givea by equation (21), w od-
tain:

(A+@)(de 009) (A8 + 04 ¢+ 28) =0 (28)

Ay = =428 Adg==00r ]y . ==3020.4d (29)

These valuss are a fairly good spproximetios to those
given by squation (A7), sxeept for the damping of the yaw
onsillation,

TR T TS B il
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4. Iaters batrol System of SWOD Mar pd Jiny
In the case of homing gliders, that is, the came where A

$he sontrol surfaces are moved ia suck a way as %0 direst the

glider towmrd a Sargst, the manner iz which ths comtzrol sur-

faces axre caused to move in responss to the homing signals

depeirds upon the odaresteristiss of ths partioular servo-

mechenism used. IS is 0ot possibls %o computs the effecs

of a general funstional relation, and t0 considsr all possidle

speocifis relations which have besa used as a dasis for serve-

msobanisms. We will ocuaider here oaly $2e cass of the lat-
. oral control system used in SWOD Maxk 7 snd Maxk 8. The .
' ocomplate theory, teking into asocunt the off-om link Detwesa
the gyro and $he servo, time lags in the servo, time lags in
the homing control, and the acmplete set of lateral sSabdil-
ity equations would be a very umrisldy ocaloulation, and 18
1s thought thas by treating Shese varicus faotors ssparstely
as to their effects, the discussion mey Yo mede clearer.

The gyros apd servos used in SWOD Mark 7 and Mark 9 are
d4soussed in references (5) ani (6). Iatersl stabilisatioa
1s obtained thirough the "turn gyro®, which is sssentially a
rate gyro aquipped with sleotromagnes oolls and electrical
contacts. The eleciromagnets are ocomnseted to apply torques
to the gimdal frams which ave proporticaal %0 the error angle
in yaw as obtained by the homing deviece. Ths electrical con~
tants are arranged oa opposite sides of the gimbael freme so
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. elfe
that ons contast or the otder is olosed, depending wpon the
5188 Of the SUB of She SoXqU applied DY She elsetromagnsis
and the Sorque dus S0 dresession of the gyro wheel. Olosing
of g gantsat sandes 12e.servo to move the ajlaroms. The gyro
10 mounted 1a the glider ab an angle %0 a8 30 Do sensitive
40 Yotk roll and yew,

I¢ was saoumed iz the derivetion of the eguations of
aotica that the prineipal axes of inertia of 4he glider were
coinsident with $hs reference axss., Ia generel, this is not
e, for ia the cass of SWOD Mark 7 and Mark 9, the roll
axis usder nexmnl equilidteium flight conditions is inclined
50 the direction of the Pelative wind By abous 3°. This
Aifference has oAly & Vry amall effest on $he stability
caleulations for fres T1ight, dug st be takes izto aseount
in the case of huming flight.

.msutm”ihhnmmlmrdthw
g0 o5 & t¥ue hemiag sourse, the errof angle as measured by
the homing device will differ from the error angle referred
$0 soardinates ¥here the X-axis is in the direstion of the
axis of roll by an amount gives for mall angles by the fol-
lowing equation:

y'= y-8¢ {30)

vaere ¥! 1s the error determised by tue hosing devise,
¥ 1is the ervor angle, referred to ocoordinates with I-axis

TR TT T I e
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along the roll axis, 8 1s the angle detween the roll axis
and a line from the glider to the target, and ¢ 1g the
angle of bmmk.

1at o represent the azgle the axis of ths gyro makes
with the axis of roll., Lst ¢ represents the rate of yuw in
degrees per secocnd that produces the sems torqus on the gime
bal frame as an angular error of one degree. The particular
contact on the gyro whioh is olosed depends on the sign of
the quantity o defined Dy

Buaoil »ﬂ,.o:cubt_ (31)

When « 1s positive, thes contast on the gyro will de

olossd that csuses the servo-oontrol unit to move the ailarons
differentially at a constant speed to produce a -.ob.p..a‘ moment

to the left; when @ 4is negative, the other contsot will de
olosed, oansing the ailerons to move at oonstant speed to
give a rolling moment to the right. Thus the momement of
the ailerons is always in such a direction as to reduce the
valne of &) to sero. A Munting motion is set up, the gyreo
eontasts altermately olosing and the ailerons moving alter-
nately for right and left differvential.

If we neglect this hunting motion, and assume that &

1s, on the average, zeroc, we have

*o”ﬂgkooil o =0
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12 we neglest the sideslip motiom of $he glider and
sesume, for She momsns, ShaS equilitrium of forvee always.
existe along the latersl azie, squation {6) reducee tol:

0 --vatuouiw e {godal)¥. (39)

Ia generdl, ¥ is saftioiently small so thaS the tern
involving sial may be meglected da emation (33) 4-:!
coey set emal to unity. HNquation {83} thus becomes?

$£-5¢. | (34)

Subetitusing equation (33) snd its time derivative 1n
equation (38}, we obtaias

£ + f whe (1AL - HiALIRK o)
+ LL:_%&‘-M, -0,

I£ we use ths simplified eqation (34}, whioch asglects
terms iz siz ¥ and ta ¥y , snd s eony egal to

" (38)

m". we m‘ :

£f o § (reber - o) < P -0 -

ST TTLY
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This equation has the following approximate solutioat

¥ = Yo o (- pgbeer (§-@0) oos( v_—y-ég;b €). ()
This equation represents s damped ossillation in yuw,
It is seen that the damping is influenced consideradly
by the value of Sec. The effect of this quantity, in geseral,
1is to reduee the damping. If the line from the glider to the
target 1s below the roll axis ( 2 poeitive), the damping of
the osoillation is deoreased; if it 1s above the roll axis,
the damping 1s inoreased, As discussed oOn page 18, the aver-
age valus of 8 for SWOD Mark 9 is sbout 3°. S oocours in
tu_d-pmunmupnuw 6, the ratio of the rate of
turn of the gyro to the error angla. The effect of 8 on
the damping is thus emphasized by & large value of o. In
the case of high sensitivity homing inforsatiocn, that is, a
large signal for a small error angle, the dexping may beoows
negative, and the oscillations become uniemped and inorease
in emplitude to a limit where the homing information saturates
on each oscillation and these assumed equations 80 longer hold.
1t us asmme typical values of the comstants in thias
equation. let % =30°, B = 05, o= ,5, V=415 ft/see,
we obtain:
Y= ¥ oxp (~.203¢) cos(.388¢ + €), (38)
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This shows that an oseillation in yaw should cocur with
apmuotnmsximmmaqmu /e of its
initial valus in abdbous 10 secoads.

Although this simplified thecry predicts quite olosely
the period of the ossillation in yaw sotually obtained in
flight, the predicted demping is not obdteined, and sustained
buating of about this period and of aa amplitude of abous 4°
is obdtained. In order to inorease this demping in yaw suf-
fiolently, a bias gyro has Been added $0 the control systems
Of 5¥(D Mark 7 am Mark 9. This gyro is similer %0 the tura
gYro exoept that it does not contaia the electromagnets, but
only omntasts, one or the octher of which aloses, depending
upon the sense of the rate of turn. Its desiga end operation
are deseribed in detail in reference (8). This gyro is mount-
od in the glider along the awersge roll axis so that it will
be sensitive ohiefly to the yawing motion of the glider. Rolle
ing motion will affect i$ slightly ‘becsuse the axis of roll
does 0ot remain tized for all conlitions of flight,

The bias gyro is connected in the cireuit of the turn
€YTo 50 that when the rate of yaw of the glider is to the
right; the right ooil in ths turn gyro is shunted by a resistor,
and when the rate of yaw is to the left, the lsft aoil ia the
tuwrn gyro is shunted. The effect of the shunting current in
the ocolls is shown in reference (8), figurs 11. It is gseen
that a bdas is givea to the signals put into the slectromagnets

a ey o o o S ;
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in such a directioa as %0 Oppose the yawing motion of the
glider, and thus inoreases the damping of the yaw oseilla-
t4ons. Experimentally, i¢ has beea found nevcessary to use
this bias gyro to obtain sufficient damping in yaw.

Figure 1 shows a typical flight of SWD Maxk ¢. The
curve labeled *ipparent Horisontal Motion of Reflsetox® shows
that an oscillation in yaw of period of about 30 seoonds is
evident, dut is of very ssall smplitude.

Obvicusly She resson the demping predioted by the sim~
Plified theory above is not cbtainmed 15 dus to the epproxime-
tions made, Which, in effect, neglect the effects of eidesliy
welooity, e tims lags present in tbe homing signals, and
muu_mmmammxmcmnuumm.u
S6Xvo system.

1at us now consider the effect of time lag in the homing
intelligence. The homing intelligence has & time lag whiodh
1s equivalent $0 that prodused in am IG oirouit of time
constant of spproximately 0.3 seccad. If we assume thas
the homing information has & lag corresponding to aa N0
oireuis, squation (38) deocmes

“oﬂmﬁ ""'"h’ ﬁ!*ﬂw(”“-tl. (39)

Ccombining this equation with equation (34}, we odtain:
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If B0 is mere, this reduses, of ocurse, to oquasion (s8).

unnbcntutothmmlorp. o o ,and ¥ used

in equation (28), and in addition les 2O = 0.3, equation
- (40) decoment

23* 3.58 ﬁ} v 00r ¥+ 308y -0, (41)

(¢0)

Solving, we obdtain:

L A "1 oxp (~3.38 ¢t) + Y. oxp (~.086 t) cos (334 t + 6 ). (43)

IS 1s seen that the pericd of the osoillations is virtu-
ally unchanged, dbut that the demping is deoreased about 30
Perdent. 81desMp effects and the busting iz roll with 1ts
various time lags involved are still neglected.

To investigate the effeot of sideslip velooity, lot us
now consider the gensral atability equasicns, with an ideal
servomechanism, where the differentisl of the ailercns ¢ ,
instead of inoressing or deoreasing at a oonstast rate dopeni-
ing upoa the aign of «) , will sotuslly be proporsicsal to & .
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Thus let us write

Se xwe x(+ $tann + 0¥ - go¢) (43)

If we sssume J is given by an expression of the type
d. 3. oxp (At), wo may write equation (43) as follows:

dex(Atane - @o) +x(d+o)f =0 (44)

Combining this equation with squations (10}, (11}, {12}, the
values of A which satisfy these four equations are those
that make the following determinant vanishi

l-r' -g cos I AV = g sin¥ (]

- 1% -4 -4 -1

Y xb : * a-o (43)
- -hp A8 -Aw, Ny

0 K(lcanx -80) X (A+ o) 1 ]

Solving the sbove detsrminant, an equation of the rifth
degres in )| with 55 terms is obtaiped. This may be written
i{n the form given by squation (15} with coefficients given in
the following tablei '
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A =1,
Bel -l -T, +x[W +1; tma],
"L - LK T (G e R) o oKy [, sens
poed - ¥ tans] o migfr tanw -2 e0-1],

-!'(-l’lr"l’.‘l’l-L'goolr-l'cmf*vt%-%)

+XIg [So ¥, ¢ 0B, + NY tanw emor -NTY

.V m«.]o wgf-por -0l - LY tanc

+LY -0 Y, - T taax],

- (L - r,rx') goosy + (.v’ + rbll') gsial
eXpf-Bo NI -oMT ¢ oy -go W,
- (X, tan&) g sia¥]+ xug [Bo 1Y ¢ o LY,

-!.,.uﬂ' opo'!.'i' (L'nn&) gmf],

-n.‘[o N g008¥ +GoN & -ur] + KNy [- oL,g cos ¥

- ¢ sia ¥}, . )
£io T8 1 DECLASSIFIED IN FULL
T TTY il Authority: E0 13526

Chief, Records & Declass Div, WHS
Date: et 0 9 2012

-




“B87=

Ist us aow substitute values for the coefficienss in

this equation for the typisal flight conditioca given by equa~-
tion (38). We need valuss for the edditiocnal quantities
Lg, Bg . K, @ ,.and @. From wind tunnel tests (ref-
erence &), W my take g-;“- * .078, which gives Lj =~ 80.
We will assums for this flight econdition that no yaw moments
are produced by the ailerons, that is, N5 = 0., lat kK= 5,
% =30° am B = .08, whish are typioal values. -The eque~
tion tar A becomss:

A3 « 150.4 4% + 138.34% + 028043 « 9834 + 628 » 0. (47)

This equation hap the following approximate roots:

Al'-“'oa. "s. a‘---m}ﬂ.{ai »
(48)

“' 5 bd -.0765 * -81.63 .

Comparing this result with the free flight results, equation
{287}, ve ses that instesd of two subsidences, a damped osoillia-
tion, and a zero root, we now have a very rapid sudsidence

and two damped oscillations. The roots Aa and A, rap-
reseat the natural yaw oscillation similar to that for the

free rlight condition, and whose period apnd daping are nain-
1y & function of the aerodynamic coastants. The roots 4

and A 4 represent a damped oscillation whoss period and
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dmping depend primerily upon the constants % and &
assumed for the 1deal servo system. The period of this
osoillation is about the seme and the damping scmewhat less
than that obbained from equation (38}, in shich sideslip
vlocity wmas neglected. Wails the effect of sldesliy is
scomstimes taken into agoount by introdusing aa *asrodynsmic
l1ag® in the simplified equation, 1% is important to note
that there 1s 26 evidence of a true serodynamic lag when
the omplete equations of motion are used.

Py examination of the solutions of equaticns (36), (44
or (48), it is seen that the damping in yaw should increase
a8 & Jdecreases. If we le$ & = O in equation (26), wm
obtain: |

H& —2Y¥_ 9. {49)

Solving for ¥ , we obtainm:

Ve Y,oxp (- 1—:—53!) . {50)
;

This equation .cows that the yaw osoillation should re-
duoce to & subsidence when % = 0, Howsver, if we leg <« = 0
1a equation (48), which takes into scocunt sideslip velocity
effects, we obtain the following equation for A 1
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A% ¢ 4154 ¢ 08.64% ¢ 173,742 o 8024 + ea2 = 0, (51)

whioh has the following roots!

Ap=-em, Ag, 3= =408 3490 ,

1‘. g " 330 8,180,

We obtain the rapid subsidence, the dauped natural yaw
osoillation as i the case & =~ 30°, but now [, amd
‘5 represent s rapidly divergent oscillation, and thus an
unstabdle condition results. At some small value of « ,
the real parts of the roots A, ad A, ochange frem
negative to positive, changs the oscillation from & damped
one to a divergeat ons.

5. Roll Stadi)iagticn System
In crder to stuldy the effects of the roll huating mo~
tion on the lateral stadility, a wore detalled discussion
of the roll stabilization system will be given, taking inteo
socoount ths off-on ohnuoﬁr of ths link between the gyros
and the servo-clutohes, and the time lag in the respoase of
the servo. let us assums that the glider is flying streight
and level, that the hunting motion in roll has reached a
steady state condition, and that the motion is periodio.
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Feglooting the sffects of rolling moment due to rate of yaw,
and rolling moments dus t0 sideslip veloeity, equation (7)
for the motion in roll becomess

- RE . SER

At tims ¢ =0, Jat the rate of roll p equal Py the -
angle of bask ¢ squel ¢, and the rolling ssoeleraticn
Frodused by the ailsrons squel t0 Lo $f 5,. et us ae-
tive X=1; $f, ant tms X bDeocmss e ssesleraticn 1
roll produced by the amount of differential on the ailerons

developed by the servo in moving the ailerons at constant
spoed §§ for ome secoma.

A the instant & = 0, the ailercas start to.move dif-
ferentially with & constant speed and in such a direction
as to reduce the ro’ling scoeleration. At time t = ¢, 1t
18 v&sil; sesa that the rolling scoeleratiom Will beccms zaro,
and at ¢ = 3%,, 1t will beocme equal im magnitude and oppo-
sits in eign %o ita valus at ¢t = 0. At l-ltl. it is
sssuped that the direction of motion of the ailerons Teverses,
80 that at time ¢ = 3%, the rolling acoelsration is again
reduced to sero, and at t * 43,, ia squal t0 its value at
¢t = 0. Thus & pariocdio mnting in the aileron motion 18 Ob~
tained of "gaw=toothed" wave form, and with a period 4%,.
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mhe aileron 4ifferential & as & funotion of the tims is

shown in figwe (3)
Ve may oXpress the motion {n Toll betwoen t = 0 and

t =2t by the equation:

sﬁ}.%g.nr_-n. (54)
pe |

3]

' Solving tnis 4iffersatial equation for P amd ¢ ,
taoluding the initial conditions that p = Py, and ¢ = ¢4

st t = 0, we odtaln:

p-‘,‘ﬁ;[el (1 - oxp (1,8) -t-t(l--tp (l,t))]

+ p,ozp (Lpt) ’ (55)

4’--%[& v+ ( o:pu.bt))-g--

is6)

33
11% (1 - o u.’t))] é (1 - exp (l-,ﬁ) 4’1

it t=2%), let p=py, ed §= ¢g- Then p, and

Q‘ will be given by the follevdrg equations:

DECLASSIFIED IN FULL
Authority: EQ 13526 e RS
Chief, Records & Declass Div, WHS

Date:
0CT 0 9 2912




’s'k[‘:‘k&%%mg]’ (57)
‘h.:‘[""t%ﬁ%]. (s8)

Since we have assumed & steady state condition, the values
of p anl ¢ at ¢ = 3%; must e eqnal in magaitude and op-
posite ia sign to their values as ¢ = 0. Putting P~ Ny
and ’1"’8' we obtain the following equations for »
and ¢ :

i 1oRl e L ey B
¢ 2 [+ (1'5"1)’1":"1
.t%ﬁﬁl”]. (60)

Ist us asse that there is a time lag 4t between tiw
time the anguler velooity to which the gyro is seasitive
({-!oﬂwu ) 1s reduced to mro and the time the ailerons
reverse their motion., This time lag inoclndes the time it

DEGLASSIFIED IN FULL,

B DT Sy Authority: E0 13528
Chief, Records & Declass Div, WHS

0CT 0 9 2012

Date:




takes for the gyro ooltun 0 reverse; the servo olutohes

%o engags and Teverse the direction of motica of the ailerons.
It reversal of the ailerocn motion takes place as & = 8%y,

the angular velooity to whieh the gyro is sensitive must
reduce to sero at time & = 2t; - at. Lst the valuss of p
and ¢ at this time be dencted by p, and 43. whiok are
given by the following equations:

,3--&[.H+as-k(h%mﬂm,

(e1)
R IIGRU RIS o
| o 8 oxn (I (289 = %)), SN
t(i_%w.m_(ﬁ_lq(m

Singe at ﬂn t = 2t; - 4%, the angular veloscity to
vhich the gyro is smsitive 1s reduced to zero, we have the
following relation:

ﬂoﬂmu-o at test -4t (63)

If again W neglecs the effscts of sideslip velooity, we may

L4

Suuifnufubefiniinfufontnln
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maice use of squation (34¢), and thus we obtain ths following
relation between p, end ¢ 3

64)
’,3’(““)’3.00 (

Due to the high damping in roll, the terms exp (8 thl)
and oxp (&’ (2 t]. -At)) are negligidls eampared to unity for
the obssrved valuess of % and 3t, and will De negleetsd
in what follows. Substituting equations (60) and {61) in
equation (64), we obtain:

Q [tl-!.'tlbt -at+ "p‘iﬁ*t]
"-Jgi["l + 8% -{;] - 0. (65)

Solving far ‘1' we obtain:

u-};.mm.x,dgi-k) .

' (es)
tl. A
1+ w—taz (1 -

It is sesn from the above equation that for values of

g o R
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® sush that ﬁ.—;-((x. the period of the roll hun®
1s dstermined ohiefly by the damping acceleratioa in roll
L’ and the tims leg 4At. The smplitude of the roll bunt
from equation {60) is seen to be a linear funotion of the
period and directly proportional to the ratlio of the rolling
acoeleration produced per ssocond by the elevons. Tms to
keep the Toll smplitude small, time legs in the gyro and
servo units mst de kept to a minimim, and the rate of ap-
plication of restoring moment small.

As % takes on smaller and smaller values 80 that

T becomss of the ordsr of unity, the denomingtor

in equation (68) becames very small, inoreasing the period
and amplitude of the roll hunting motion, until at the value
of o determined by the equation

s (it +4¢%) =1, te7)

the denominator of equation (66) becomes zerc, and the hunt-
ing motion becomes unstable.

1at us sudbstitute appropriste values of !.,. 8 V,~,
and At for SWOD Mark 9, and determins the resultant values
of the amplitude and period of the roll motion. Lst us use
the values of l‘, and ¥V given by squations (25}, and, in
addition, set o = 20° and At = 0,1 ssocond. Substituting

these values into equation (88}, we obtain t, - 0.35 second.

L R EEEE a e o d
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Thus the roll hunting motioa should have a period

e 6:1 ® 1.4 second. The asplitude will ”’wh
siven by ¢, which has a value of 0.090 redians’or

5.4 degress. Thase caloulsted values o E3
oXperiment as 1s sees by referring to the surve'pf figure
(1), showing the angle of roll as & funotion of the time
for a typical flight of SHCD Naxk 9.

From equation (67), the mmallest value of & that may
be used bdefors the motion desomes unstadle is adout 3.0°,
This equation, however, neglects rolling moments due to
sldeslip and to rate of yaw whioh, if taken into sceount,
have the effect of iancreasing this minimm angle.

6. Model Teste of Jatersl Oogtrol Srgten

To study She offect of time lags and speed of thw servo
eystem on the roll bunting motion, & mechanissinmwbeleto
represent equation (53) wms construoted. A photograph of
the model is showm in figure (3). It consists of a tabls
free to rctate abous a vertisal axis, and oarries the “"tura
&YTo* used in the control system. On the sems axis is a
oylinder whish rotates inside & concentric oylinder with
s saall separation. The space Detwsen the cylinders is
£11led with oil to produoe visccus dmaping of the motiom
ef the table. HSince the spasing of the aylinders is smell
and the oil is sufficieatly visoous, the dsmping force is
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gquite ascurately proportional to the first power of the
angular veloeity of the table. A cord is wound arcund the
shaft which suppcrts the table, and esoh end is ccanected
%0 & spring. The othsr enis of the springs are connected
Dy cords arcund pulleys $0 the servo arms. Thus, if we neg-
1e0t the small spring displacement csused by the motion of
the tadle, the tcrque applied to the table will de propor-
tiocnal to the displacement of the servo arms and to the
constants of the springs. If the ratio of the torgue ap-
plied per radian displacemsnt of the servo to the noment
of inartis of the table is made equal to0 the valus of 1Ly
for the missile, and the ratlo of the damping torgque to the
unoment of inersia of the tabls is made equal to the value
of I.’ for the missile, the motion of the tabdle will de
governsd by equation (353). If the "turn gyro® mounted on
the tabls is conmscted to the servo, ss in the misails, a
huating motion will be set up simulating the roll hunting
motion of the glider. Soms records obtained with the model
srs shown in figure (4), which were taken to study the effect
of time lag in the system and rate of movement of ailerons
on the amplitude of the roll hunt. The results are in ascord
with the thecretical treatment above.

The Servomsohanisms Iadoratory of the Massachusetts
Institute of Technology, im connection with the development
of an slternate control system for SWOD Mark 7 and Mark 9,

v o g ar - o o
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ooastructed & devise to simmlate the roll asd yaw moticss
of a glider. 4 platfora was arranged so as %0-d free to
rotate about a horigontal exis (representing roll motioca) and
to be drivea in rosatioa about a versical axis. A torque
mmMMm.mM‘tcthunm.m
synohros attached $0 the armd of the servo under test. Elso-
m.uomummuthtntmmmm
abous the roll axis propertional o the diffsreatial dis-
placement of the ailercas and to the rate of roll, with
proper constants of proporsionality so that the motioan in
Zoll would be represented dy equation (53). The pletform
mdﬂmhtoﬁﬂmnm.mdlmnnuum
mwmmuaumammmcm
horisontal or roll axis, and the constant adjusted so thas
1ts motion would be represented by equation (34). All
effects due to sideslip and the cross derivatives I, ad
K, were nsglected.

The turn and bias gyros and antenna system used in
SWD Nark 7 were mounted on $he plasform ani a Descon for
homing signals placed at a distance from the plasform. The
system was operated so that the lateral motions of the glider
in £1ight would de simulated. Reooads obtained of the angls
of bank § and the angle of yaw ¥ of the platfarm es &
fusetion of the time for varicus sdjustments of the comtrol
system axe shown im figures (5), (6), end (7). In all records

aa o =T
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shown, the platform was initially set 8° off the axis of
honing. The vertiocal scale for ¢ is four times that for ¥ .

Figare 5 shows a series of runs in which the angle of
the grro is varied from 2.5° to 20°. TYor 3.5° the motion is
unstable, as predicted by the roll stabdilization thecry in
seotion 8, the platform hitting its limit stops during the
test. The value of 15° round to be most satisfectory from
flight tests is somewhat larger than the best rssult from
the model tests, the difference deing due £o the terms neg-
lected in the equation governing the model Sests.

Figure (6) sbows a seriss of runs in which the angle
designated as Y, , which represents the xiaimum error sngle
that produces saturstion of the diffarential amplifier which
feeds into the turn gyro coils, is varied. This, inm effect,
is the same as varying the value of o, the rate of yaw in
dsgrees per secand that produces the same torque on the gim-
bal frame of the gyro as an angular error of ooe degree. The
valus ¥, = 6° was found most suitable from flight tests,
and this walue is seen to be satisfactary by this model test.

Yigure (7) shows $he effest of the bias gyro on the
damping of the yaw ossillations, If a bias gyro 1s not used
(R = o0), sustained osoillstions in yaw are cbtained both in
flight tests and in the model test. The most suitable valus
for the diasing resistor determined from both flight.tests
and model tests was found to de gbaut 5000 olms.

April 12, 1948 .
St Pogupnguliainioial,
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